Quantum certification of many-body
quantum simulations
(Part II)
Leandro Aolita

Conclusions of Lecture I:

• Further progress in many-body quantum technologies seriously limited by the lack of practical
reliable certification tools.

• Certifying many-body quantum devices is ultimately about testing quantum mechanics in
unexplored (high-complexity) regimes.

• Quantum certification can be viewed as an instance of quantum supremacy.
• The natural problems to certify are sampling problems.
•Quantum state characterisation history: full tomography, compressed sensing, permutational
invarinat tomography, and MPS tomography.

•Direct fidelity estimation: efficient only for very specific targets (well conditioned states).

Outline of Lecture II:

• General mindset of quantum-state certification.
• Different paradigms of quantum-state certification.
• Interactive certification tests.
• Non-interactive certification tests.
• Conclusions, perspective & outlook.

Quantum state certification

General quantum certification mindset
Untrusted prover Merlin

Skeptic certifier Arthur
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11010001101

• Interactive tests: prover and certifier exchange
quantum messages until the certifier gets convinced.
Interactive proof (IPs): (unbounded prover/classical certifier) S. Goldwasser, S.
Micali, and C. Rackoff, In Proceedings of the seventeenth annual ACM symposium
on Theory of computing, pages 291–304. ACM New York, NY, USA, 1985.
Quantum interactive proofs (QIP): (unbounded quantum prover/BQP certifier)
A. Kitaev, J. Watrous, STOC '00: Proceedings of the thirty-second annual ACM
symposium on Theory of computing, ACM, pp. 608 (2000); J. Watrous, Theor.
Comput. Sci. 292 (3): 575 (2003).
Quantum-prover interactive proofs (QPIP): (BQP quantum prover/almostclassical certifier) D. Aharonov, M. Ben-Or, and E. Eban, arXiv: 0810.5375; A.
Broadbent, J. Fitzsimons, and E. Kashefi, Proceedings of the 50th Annual IEEE
Symposium on Foundations of Computer Science (FOCS 2009), 517 (2009); J.
Fitzsimons and E. Kashefi, arXiv: 1203.5217.

More powerful

• Non-interactive tests: certifier sends a classical input
and prover returns an output that convinces him.
Quantum-prover interactive proofs with a single classical
message (QPIP(1)): (BQP quantum prover/classical* certifier):
M. Cramer et al., Nat. Commun. 1, 149 (2010); G. Toth et al., Phys.
Rev. Lett. 105, 250403 (2010); S. S. T. Flammia and Y.-K. Liu,
Phys. Rev. Lett., 106, 230501 (2011); M. P. da Silva, O. LandonCardinal, and D. Poulin, Phys. Rev. Lett., 107, 210404 (2011); T.
Moroder et al., New J. Phys. 14, 105001 (2012); T. Baumgratz, D.
Gross, M. Cramer, and M. B. Plenio, Phys. Rev. Lett. 111, 020401
(2013); L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv:
1407.4817, to appear in Nat. Communs. (2015).

More practical

F := F (%t , %p )
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• The fidelity yields also an estimate of the state distance D := D(%t , %p ):

Tr [|%t %p |]
For D(%t , %p ) :=
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but we don’t need to estimate the exact value of F!

Different certification paradigms
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The naive approach

The ideal scenario

The practical one

• Infeasible due to
finite precision

• Robust against statepreparation deviations

• Not robust, but can
be more practical

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

Interactive tests

Quantum-prover IPs
• A BQP prover can efficiently convince an almost-classical certifier :-)
• Require fully fledged fault-tolerant universal quantum computers and non-trivial quantum interaction rounds :-(
Two main flavours:
Measurement-based quantum computing
• The certifier sends single-qubit states which include

Certifier with a constant-size quantum
• The certifier sends authenticated qubits.

traps to test the prover.
• The prover stores these qubits and either sends them
• The prover stores the cluster state blindly and

implements measurements instructed by the certifier.

D. Aharonov, M. Ben-Or, and E. Eban, arXiv: 0810.5375; A.
Broadbent, J. Fitzsimons, and E. Kashefi, Proceedings of the 50th
Annual IEEE Symposium on Foundations of Computer Science
(FOCS 2009), 517 (2009); J. Fitzsimons and E. Kashefi, arXiv:
1203.5217; T. Kapourniotis, E. Kashefi, and A. Datta, arXiv:
1403.1438.

back to the certifier, who decodes and processes, or
processes himself instructed by the certifier.

D. Aharonov, M. Ben-Or, and E. Eban, arXiv: 0810.5375; D. Aharonov
and U. Vazirani, arXiv: 1206.3686.
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In contrast to the quantum circuit model, where quantum
computations are implemented by unitary operations, in the
one-way quantum computer, information is processed by
sequences of single-qubit measurements10 . These measurements
are carried out on a universal resource state—the 2D-cluster
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Graph states (in a minute)
Definition:

Given a set of vertices connected by a pattern of edges, associate to each vertex the
1
state |+i := p (|0i + |1i) and apply a controlled-Z gate to each pair of connected vertices.
2

1

|G5 i = CZ15 CZ23 CZ34 CZ45 |+i1 ⌦ |+i2 ⌦ |+i3 ⌦ |+i4 ⌦ |+i5

2

3
4
5

The cluster (state):

If a qubit is initialised in |0i instead of |+i it does not get entangled to the graph

M. Hein, J. Eisert, and H. J. Briegel, Phys. Rev. A 69, 062311 (2004); M. Hein et al., In Proceedings of the International School of Physics “Enrico Fermi” on
Quantum Computers, Algorithms and Chaos (2006).

Blind MBQC
Preliminaries:
1. Depending on the computation, Arthur chooses a graph G.
2. For each vertex v, he prepares a qubit in:
• an input state |+✓⌫ i,
• a dummy state |z⌫ i, or
• a trap state |+'⌫ i,

(chosen randomly)

1
1
with z⌫ 2 {0, 1}, |+'⌫ i := p |0i+ei '⌫ |1i and |+✓⌫ i := p |0i+ei ✓⌫ |1i .
2
2

• The inputs encode the computation.
• The dummies surround the traps, isolating them.
• The traps test Merlin’s procedure. The traps’ positions
in G are random.
(Arthur)

(Merlin)

D. Aharonov, M. Ben-Or, and E. Eban, arXiv: 0810.5375; A. Broadbent, J. Fitzsimons, and E. Kashefi, Proceedings of the 50th Annual IEEE Symposium on
Foundations of Computer Science (FOCS 2009), 517 (2009); J. Fitzsimons and E. Kashefi, arXiv: 1203.5217; S. Barz, E. Kashefi, A. Broadbent, J. F. Fitzsimons, A.
Zeilinger, and P. WaltherScience 335, 303 (2012).

Blind MBQC
Idea of the protocol:
1. Arthur sends G and the qubits to Merlin.
2. Merlin applies CZs according to G.
3. Merlin measures each qubit v in a basis B⌫ given by Arthur
and returns him the outcome.
4. With the v-th outcome, Arthur chooses B⌫+1.
5. If all trap measurements yield the correct outcome, Arthur
accepts. Otherwise, he rejects.

constant (maximal weight
of correctable Pauli error)

Then, if Arthur accepts,
✓
◆d
NT
.
Pincorrect  ✏ := 1
N
number of
qubits

() F

1

✏)

(with B⌫ and B⌫+1 correlated with z⌫ , '⌫ , and ✓⌫ )

(Arthur)

(Merlin)

•
number of
trap qubits

Universal quantum computations
efficiently certifiable :-)

•

Fault-tolerant, universality, and non-trivial
quantum communication sequences required :-(

For the moment, way out of reach :-(
D. Aharonov, M. Ben-Or, and E. Eban, arXiv: 0810.5375; A. Broadbent, J. Fitzsimons, and E. Kashefi, Proceedings of the 50th Annual IEEE Symposium on
Foundations of Computer Science (FOCS 2009), 517 (2009); J. Fitzsimons and E. Kashefi, arXiv: 1203.5217; S. Barz, E. Kashefi, A. Broadbent, J. F. Fitzsimons, A.
Zeilinger, and P. WaltherScience 335, 303 (2012).

Can´t we try something simpler for non-universal machines?

Non-interactive tests

Non-interactive certification mindset

Skeptic classical* certifier
Arthur

Untrusted quantum
prover Merlin

F (%t , %p )?
%t and C

%p

• Similar mindset to QPIPs but with a single quantum interaction.
• No restriction on type of quantum noise, preparation totally unknown.
• Only assumption: i.i.d. preparations

) %⌦C
p .

Non-interactive quantum-state certification tests

Def. 1. Any preparation %p with F

FT

is a valid preparation of %t .

(maximal failure probability)

(fidelity threshold)

FT < 1

Def. 2. T is a (non-interactive) certification test for %t
with sample complexity C0 if, for any C

↵>0

C0 :

if F = 1
Def. 3. Any preparation %p accepted by
such T is a certified preparation of %t .

?

%p . . . %p
| {z }
C times

T

if F < FT

%p

%t

F =1

F < FT

Rejections of valid preparations are
tolerated, acceptance of invalid ones no

The practical approach

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

Extremality-based fidelity lower bounds

Then, the figure of merit for the Accept/Reject decision must be:

f  F = F (%t , %p ),
such that f = F = 1 if %p = %t .

Accept/Reject Criterion:

f⇤

1. Arthur estimates f , obtaining an estime f ⇤ 2 [F

2. If f ⇤ < FT + " , he accepts. Otherwise, he rejects.

", F + "].

"
FT

0

1

)[
REJECT

ACCEPT

This fulfils the defining conditions of T :

•F

= 1 ) f = 1 ) fn⇤

•F

< FT ) f < FT ) fn⇤ < FT + "

1

"

FT + "

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv:
1407.4817, to appear in Nat. Communs. (2015).

Ground-state witnesses

Local frustration-free Hamiltonians
Defs.
A Hamiltonian Ĥ :=

N
X
i=1

Ĥi , with a ground state |

0i

s.t. Ĥ|

0i

= 0, is:

i) k-local if, 8 i 2 [N ], Ĥi acts non-trivially on at most k sites;
ii) short-ranged if these k sites are contiguous;
iii) gapped if |

0i

has spectral gap
or critical, otherwise;

E > 0 to the first excited state(s); and gapless,

iv) frustration-free if, 8 i 2 [N ], Ĥi |

0i

= 0;

We call the ground state unique if Ĥ| i = 0 ) | i = |
Finally, we refer to Ĥ as the parent Hamiltonian of |

0 i,

and degenerate otherwise.

0 i.

• Essentially every MPS is the unique ground state of a local, gapped, frustration-free Hamiltonian.
• 2D generalisations of MPSs (PEPSs) are unique ground states of local, frustration-free Hamiltonians.
D. Perez-García, F. Verstraete, M. M. Wolf, and J. I. Cirac, Quant. Inf. Comp. 7, 401 (2007).

• Every gapped, local, short-ranged Hamiltonian is approximated by a gapped, local, short-ranged, frustration-free one.
M. B. Hastings, Phys. Rev. B 73, 085115 (2006).

Local frustration-free Hamiltonians as efficient ground-state witnesses

On the other hand, in its eigenbasis, Ĥ =

N
dX
1

n=0

En |

n ih n |.

(eigen-energies)

) Ĥ

|

E (1

0 ih 0 |)

The Hamiltonian acts as a
witness for its ground state!!!

(extremality-based operator bound)

Then, for %t = |
h

i

0 ih 0 |,

Now, Tr Ĥ %p = Tr

"

F = Tr [|

N
X
i=1

#

Ĥi %p =

0 ih 0 | %p ]

N
X
i=1

h

(eigen-states)

h
i
1
Tr Ĥ %p .
E

1

i

Tr Ĥi %p =

N
X
i=1

h

i

Tr Ĥi %p i .

Only the reductions of %p are
required!!!
M. Cramer, M. B. Plenio, S. T. Flammia, R. Somma, D. Gross, S. D. Bartlett, O. Landon-Cardinal, D. Poulin, and Y.-K. Liu, Nat. Commun. 1, 149 (2010).

The fidelity lower bound:

F

f := 1

N
h
i
X
1
Tr Ĥi %p i
E i=1
reduced state of %p on the sites
where Ĥi acts non-trivially

Upsides:

• Tight when %p = %t .
• Requires only the expectation values of the local interaction terms Ĥi (linear overhead scaling!).

Downsides:

• Must know the parent Hamiltonian :-(
• In practice limited to MPSs :-(
• Not friendly in continuous-variable scenarios :-(

M. Cramer, M. B. Plenio, S. T. Flammia, R. Somma, D. Gross, S. D. Bartlett, O. Landon-Cardinal, D. Poulin, and Y.-K. Liu, Nat. Commun. 1, 149 (2010).

Quantum certification for photonic quantum technologies

Classes of target states
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.
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(b)

passive Û

(a) %t 2 CG

..
.

|nA iA

%S t

Covers most current photonic setups:
• Gaussian, squeezed, and non-Gaussian.
• on-chip photonic quantum simulations (BosonSampling, quantum walks, Anderson-localisation, etc.).
• photonic qubit encodings (polarization qubits, KLM
scheme, etc.).
L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv:
1407.4817, to appear in Nat. Communs. (2015).

Extremality-based fidelity lower bound
Consider first %t 2 CG [ CLO .

⇣

⌘

For %t = Û |1n ih1n |Û † , F = F (%t , %p ) = F Û |1n ih1n |Û † , %p = F (|1n ih1n |, %̃p ) .
And, since |1n i :=

n
Y

j=1

â†j |0i, F = F (|0ih0|, %̃p,n ) .
%̃p,n :=

1

n
Y

âj 0 %̃p

j 0 =1

(total photon-number
operator)

Now, from |0ih0|

%̃p := Û † %p Û
n
Y

â†j

(Heisenberg representation
with respect to Û † )

j=1

(positive semi-definite but not normalised)

n̂ and %̃p,n

F
(total photon number)

⇣

0, one gets

Tr [(1
2

n̂)%̃p,n ]

= Tr 4(n + 1

=1

(photon-number operator
of mode j)

n̂)

n
Y

j=1

3

n̂j %̃p 5 .

Tr [n̂ %̃p ] , for %t 2 CG

⌘

(Notation: n̂ :=

m
X
j=1

n̂j )

The fidelity lower bound:

F

2

f (n) := Tr 4(n + 1

n̂)

= Tr 4(n + 1

ˆ
ñ)

2

n
Y

j=1

n
Y

j=1

3

n̂j %̃p 5

3

ˆ j %p 5
ñ

ˆ := Û n̂ Û †
ñ
ˆ j := Û n̂j Û †
ñ

(Heisenberg representation
with respect to Û † )

Upsides:

• Tight when %p = %t .
• Also available for input Fock-basis states with more than one photon per mode.
• Fidelity lower bound potentially interesting in its own right in other scenarios.

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

Non-Gaussian state nullifiers

ˆ(n)

f

⇣

= n+1

ˆ
ñ

n
⌘Y

ˆj =
ñ

j=1

h

i

n
Y

ˆj
ñ

j=1

2

It holds: Tr fˆ(n) %t = 1 = Tr 4
h

(n)

with Tr N̂i

m
X

(n)
N̂i

(n)

N̂i

ˆi
:= (ñ

i=1

n
Y

j=1

i

3

ni )

n
Y

ˆj
ñ

j=1

(all positive-semidefinite and commuting)

h

i

ˆ j %t 5 and Tr N̂ (n) %t = 0, 8 i 2 [m],
ñ
i

%p > 0, for at least one i 2 [m], if %p 6= %p .

i-th nullifier of (the non-Gaussian state) %t !!!

Then, Ĥ :=

m
X

(n)

N̂i

is the parent Hamiltonian witnessing %t !

i=1

(local, gapped, frustration-free and
commuting, but not short-ranged)
L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

(unique ground state of Ĥ )

⇣

But how can we measure fˆ(n) = n + 1

ˆ
ñ

n
⌘Y

j=1

ˆj ?
ñ

Idea of the measurement scheme: go to phase space!

Identities:

Phase-space quadrature operators:

q̂j and p̂j 0 , with [q̂j , p̂j 0 ] = i

n̂j = q̂j2 + p̂2j

j,j 0 .

n̂ =

Phase-space quadrature operator vector:
r̂ : r̂2j 1 := q̂j and r̂2j := p̂j

m
X

1/2
m
X

n̂j =

j=1

(q̂j2

+

1
) = r̂2
2

p̂2j

j=1

Observable to measure:

fˆ(n) := (n + 1

ˆ
ñ)

n
Y

ˆj
ñ

j=1

⇣

m
= n+1+
2
ˆr̃ := Û r̂ Û †

r̃ˆ2

n ✓
⌘Y

q̃ˆj2 + p̃ˆ2j

j=1

q̃ˆj := Û q̂j Û †

(Heisenberg representation
with respect to Û † )

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

1
2

◆

p̃ˆj := Û p̂j Û †

m
2

For a Gaussian transformation,
phase-quadratures transform under
an affine linear map:

Symplectic matrix S 2 Sp(2m, R)

Displacement vector x 2 R2m

r̂ 7! Û † r̂Û = Sr̂ + x

) ˆr̃ := Û ˆr̃Û † = S

1

(r̂

x)

Then, each r̃ˆj is a linear combination of at most 2m r̂j ’s

)f

Upsides:

(n)

⇣

n ✓
⌘Y

◆

m ˆ2
1
2
2
ˆ
ˆ
= n+1+
r̃
q̃j + p̃j
is a linear combination of
2
2
j=1
⇣
⌘
at most O m2(n+1) 2(n + 1)-body quadrature correlators!

• Affine linear maps computationally highly efficient to handle.
• Only homodyne detection required (no number measurements!).
• Bound highly optimisable for each circuit, nice scaling with the squeezing too!
Downside:

• Exponential scaling with the number of input photons :-(

… avoidable?

Efficient certification test for any constant n :-)

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

And what about the post-selected linear-optical target states?

Fidelity lower bound for post-selected target states

Similar story, but with the replacement:

(n)
(n)
ˆ
ˆ
f
! fS

hnA |A fˆ(n) |nA iA
:=
P(nA |%t )

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

Finally, can one prove certification in the robust sense?

?

%p

%t

F

FT +

F < FT

Yes, by simple continuity
arguments…

L. Aolita, C. Gogolin, M. Kliesch, and J. Eisert, arXiv: 1407.4817, to appear in Nat. Communs. (2015).

Conclusions of Lecture II:

• General mindset of quantum-state certification (Merlin versus Arthur!).
• Different paradigms of quantum-state certification (naive, robust, and practical).
• Interactive certification tests:

• Non-interactive certification tests:

• Conclusions, perspective & outlook.

1.Quantum-prover interacting proofs for BQP
2.Blind measurement-based QC.

1.Extremality-based fidelity lower bounds.
2.Local, frustration-free Hamiltonians as witnesses of their
ground states (MPSs).
3.Certification of photonic quantum outputs (Gaussian and nonGaussian QI, bosonic quantum simulations, KLM qubit
encondings, etc.)
4.Non-Gaussian state nullifiers + phase-space treatment.
5.Certification for photonic quantum outputs robust against
fidelity deviations..

Outlook for the field:

• Short-to-mid term perspectives:

•Long-term open problems:

1.Free fermionic quantum simulations;
2.Analogue spin-chain quantum simulations;
3.Applications to scenarios other than quantum simulations
(crypto, randomness certification, dimension-truncation
certification, etc?).

1.Non-interactive certification for unsolvable Hamiltonians:
adiabatic spin-chain evolutions, time evolutions of critical
Bose/Femi Hubbard models, etc. Only order parameters!
2.Certification with a single quantum interaction (to encode
traps?);
3.“Certification complexity” classes?; certifiers with small
analogue quantum simulators; etc.

Obrigado pela sua atenção
Gracias por su atención
Thank you for your attention

(PhD Students and Postdocs WANTED!!!)
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